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, $F(a, b, c;x)$ (contiguity
relation), ,
$(x\partial_{x}+a)F(a, b, C;X)=aF(a+1, b, c;x)$




$-$ – , [10] 44
. , “From Gauss To Painleve”’ (Iwasaki, Kimura, Shimomura, Yoshida
) Chapter 2 , ,
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, $a,$ $b,$ $b’,$ $C$ , $\theta_{x}=x\partial_{x},$ $\theta_{y}=y\partial_{y}$ , $f$ . $\bullet$
, . ,
$\partial_{x}\bullet f=\frac{\partial f}{\partial x}$ $x\bullet f=xf$
. , $\theta_{x}(\theta_{x}+b)\bullet$ $f$
$x \frac{\partial}{\partial x}(x\frac{\partial f}{\partial x}+bf)=x^{2}\frac{\partial^{2}f}{\partial x^{2}}+x\frac{\partial f}{\partial x}+bx\frac{\partial f}{\partial x}$
.
Appell $F_{1}$ , $c$
, .
$F_{1}(a, b, b’, c;x, y)= \sum_{m,n=0}^{\infty}\frac{(a)_{m+n}(b)_{m}(b’)n}{(c)_{m}+n(1)_{m}(1)n}X^{mn}y$
, $(p)_{n}=p(p+1)\cdots(p+n-1)$ . Appell $F_{1}$
, $\theta_{x}\bullet$ $x^{n}=nx^{n}$ .
.
(rational solution) $|\exists:,$ $\frac{pp\mathrm{I},\Xi \text{ }{p_{7},\mathit{4}^{\mathrm{I}_{\nearrow}\Xi_{\backslash }}\mathrm{R}}}$ . , $a=$
$1,$ $b=-1,$ $b’=1,$ $c=1$ ,
$f= \frac{1-x}{1-y}$ (1)




$g$ $a,$ $b,$ $b’,$ $c(a\neq 0)$ , Appell $F_{1}$
,
$\overline{a}"(x\partial_{x}+y\partial+a)y\bullet g$
$a+1,$ $b,$ $b’,$ $C$ , Appell $F_{1}$ (
, ). (2) , (1)
.
Appell $F_{1}$




, Cox, O’Shea, Little Ideals, Varieties, and Algorithms Springer
, ( ).
, “ , ”
.
$D=\mathrm{C}\langle x_{1}, \ldots, x_{n}, \partial_{1}, \ldots, \partial_{n}\rangle$
(Weyl algebra ) . ,
$D$ $x_{i},$ $\partial_{j}$ associative algebra ,
:




. $f$ $x_{1},$ $\ldots,$ $x_{n}$ ,
$\partial_{i}\bullet f=\frac{\partial f}{\partial x_{i}},$ $x_{i^{\bullet}}f=X_{if}$
.
$I$ $D$ $p\in I$ $P\bullet$ $f=0$ $f$ $I$
. ( , $I\bullet$ $f=0$ ) $D$
,
$I= \sum_{i=1}D\cdot\ell_{i}=D\cdot\{\ell 1, \ldots, \ell_{m}\}$
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, $I$ , ,
. , ,
.
1 $I=D\cdot\{\partial_{1}^{2}+\partial_{2}^{2}-4, \partial_{1}\partial,2^{-}1\}$ ( $\partial_{1}^{2}+\partial_{2}^{2}-4,$ $\partial_{1}\partial_{2}-1$ )
, $f=e^{\lambda_{1}x+}1\lambda_{2}x_{2}$ . , $(\lambda_{1}, \lambda_{2})$
$\lambda_{1}^{2}+\lambda_{2}^{2}-4=0,$ $\lambda_{1}\lambda_{2}-1=0$
. 4 , $I$ 4
$\mathrm{C}$ . , :
$I=D\cdot\{\partial_{2}^{4}-4\partial 2+1, \partial_{1}2+\partial_{2}^{3}-4\partial_{2}\}$ .
$\ovalbox{\tt\small REJECT}$ . (
, Lexicographic order )
– , (initial ideal)
. , principal symbol .
principal symbol , ,
, . , $D$
$P$ (the normally ordered expression):
$p=$ $\sum$ $c_{\alpha\beta}x^{\alpha_{\partial^{\beta}}}$ .
$(\alpha,\beta)\in E$
, $x^{\alpha}$ $x_{1}^{\alpha_{1}}\cdots xn\alpha_{n}$ . $\alpha$ $\mathrm{i}$ $\alpha_{i}$ . $E$
, $\mathrm{N}^{2n}$ $(\mathrm{N}=\{0,1,2, \ldots\})$ .
$(u, v)\in \mathrm{R}^{2n},$ $u_{i}+v_{i}\geq 0$ (weight vector) ,
$\mathrm{o}\mathrm{r}\mathrm{d}_{()}u,v(p)=$ $\max(\alpha\cdot u+\beta\cdot v)$ (3)
$(\alpha,\beta)\in E$
. $P$ $(u, v)$ -weight .
, $(u, v),$ $(u_{i}+v_{i}>0)$ $p\in D$ $(u, v)$ -weight $P$
, $\partial_{i}$ $\xi_{i}$ , $\mathrm{i}\mathrm{n}_{(u,v)}(p)$ . $\mathrm{i}\mathrm{n}_{(u,v)}(p)$ , $2n$
$\mathrm{C}[x_{1}, \ldots, x_{n}, \xi_{1}, \ldots, \xi_{n}]$ .
99
2 $\mathrm{i}\mathrm{n}_{(0,0,1},1$ ) $(x^{2}1\partial_{1}2+\partial_{2}^{2}-1)$ , $x_{1}^{2}\xi_{1}^{2}+\xi_{2}^{2}$ .
$I$ , $\mathrm{i}\mathrm{n}_{(u,v)}(p),$ $p\in I$ ) , $\mathrm{i}\mathrm{n}_{(u,v)}(I)$ ,
weight $(u, v)$ $I$ ) ) (initial ideal) .
3 . , [10]
116 . , (OpenXM ) asir
(http://www.math kobe-u $.\mathrm{a}\mathrm{c}.\mathrm{j}\mathrm{p}/\mathrm{K}\mathrm{A}\mathrm{N}$ ).
[269] sml-gb $([[\mathrm{d}\mathrm{X}^{\wedge}2+\mathrm{d}\mathrm{y}2\wedge-4, \mathrm{d}\mathrm{x}*_{\mathrm{d}1}\mathrm{y}-1, [\mathrm{x},\mathrm{y}]_{*}[[\mathrm{d}\mathrm{x}, 1,\mathrm{d}\mathrm{y}, 1]]])$ ;
$[[\mathrm{d}\mathrm{x}^{\wedge}2+\mathrm{d}\mathrm{y}^{\wedge}2-4,\mathrm{d}\mathrm{y}*\mathrm{d}\mathrm{x}-1,\mathrm{d}\mathrm{x}+\mathrm{d}\mathrm{y}^{arrow}3-4*_{\mathrm{d}\mathrm{y}]}, [\mathrm{d}\mathrm{X}^{\wedge}2+_{\mathrm{d}\mathrm{y}\mathrm{y}*\mathrm{d}\mathrm{x},\mathrm{d}}-2,\mathrm{d}\mathrm{y}^{arrow}3]]$
dx $\partial_{x}$ . $[[\mathrm{d}\mathrm{x}, 1,\mathrm{d}\mathrm{y}, 1]]]$ , weight vector .
, $(u, v)=(0,0,1,1)$ . sml-gb 1 , 2
$[\mathrm{d}\mathrm{x}^{arrow}2+_{\mathrm{d}}\mathrm{y}2-,\mathrm{d}\mathrm{y}*\mathrm{d}\mathrm{x},\mathrm{d}\mathrm{y}3\wedge]$ ) ) $\xi_{1}^{2}+\xi_{2}^{2},$ $\xi_{2}\xi 1,$ $\xi_{2}^{3}$
.
$I$ , weight $(0,1),$ $u=0=(0, \ldots, 0),$ $v=1=(1, \ldots, 1)$
$n$ , $I$ (holonomic) . , $\langle\xi_{1}^{2}+\xi_{2}^{2}, \xi_{2}\xi 1, \xi 2\rangle 3$
, $\mathrm{C}[x_{1}, x2, \xi_{1}, \xi_{2}]$ 2 ) , .
.
, . , . [8]
.
$\mathrm{B}$ :
1. $I$ , holonomic .
2. $I$ , holonomic .
, .
, pole $\mathrm{S}\mathrm{a}\mathrm{t}\mathrm{o}- \mathrm{K}\mathrm{a}\mathrm{S}\mathrm{h}\mathrm{i}_{\mathrm{W}}\mathrm{a}\mathrm{r}\mathrm{a}$ -Kawai 1970
– .
4 $f$
$(\mathrm{i}\mathrm{n}_{(0,1)}(I) : \langle\xi_{1}, \ldots, \xi_{n}\rangle^{\infty})\cap \mathrm{C}[x_{1}, \ldots, x_{n}, \xi_{1}, \ldots, \xi_{n}]$
$0$ , , V ) pole .
$f$ , [10] p.36 .
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5 Appell $F_{1}$ , $f=xy(X-y)(x-1)(y-1)$ .
, ,
, , , , .








, , $\varphi$ $\mathrm{H}\mathrm{o}\mathrm{m}_{D}(D/I, \mathrm{C}[x])$
. $1\in D/I$ , $\varphi(1)$ $\mathrm{C}[x]$ , . $I$ $P$
, $P\bullet$ $\varphi(1)--\varphi(p1)=\varphi(0)=0$ ( $\varphi$ $D$ homomorphism , $p$ ,
\mbox{\boldmath $\varphi$} ). , $\varphi(1)$ $I$ . , $I$
$h$ , 1 $h$ , $D$-homomorphism .
, $\mathrm{H}\mathrm{o}\mathrm{m}$ – .
2 ,
$\mathrm{B}$ .
6([8]) $I$ holonomic , $\mathrm{Q}$ Weyl algebra ,
$\mathrm{d}.\mathrm{i}\mathrm{m}\mathrm{c}^{\mathrm{H}\mathrm{o}\mathrm{m}}.D(D/I, \mathrm{C}[x, 1/f])$
dimc $\mathrm{H}_{\circ}\mathrm{m}D$ ($D/I$ , C )
$\mathrm{C}$ ‘ ”.
“ ” , ,









. , $I$ ,
, .
, D-
, , dual, , ( $D$- ) .
$\dim_{\mathrm{C}D}\mathrm{H}_{\mathrm{o}\mathrm{m}}(D/I, N)=\dim_{\mathrm{C}}H^{-}n(D/D\partial\otimes_{D}^{\mathrm{L}}(\mathrm{D}(D/DI)\otimes_{\mathcal{O}}^{\mathrm{L}}N)$ . (4)
$N$ $\mathrm{C}[x]$ $\mathrm{C}[x, 1/f]$ , $\mathrm{D}(D/DI)\otimes_{\mathcal{O}}^{\mathrm{L}}N$ $\mathrm{D}(D/DI)$
$\mathrm{D}(D/DI)[1/f]$ . , $\mathrm{D}(D/DI)$ $D/DI$ dual .
(4) , , [7], [9] (
), .
, [6], [8], [10] .
$.[6]$ , ( ) ,




7 $n=1$ , $I=D\cdot\{x(x-1)\partial_{x}\}$ . $f=x(x-1)$ .
, dual $\mathrm{D}(D/I)$ , $x(x-1)\partial_{x}$ adjoint operator , $D/D\cdot\{\ell\}$ ,
$\ell=-\partial_{x}X(x-1)=x(1-X)\partial x-(2x-1)$ . , Dual –
, , $D$ $-$ , $D/I$ free resolution
.
$\mathrm{D}(D/I)$ $f$ . , [9]
. , $D/D\cdot\{p\}\simeq \mathrm{C}[x,$ $\frac{1}{x(1-x)}]$ ([6]
), .
, $M:=D/D\cdot\{p\}$ $D$- . , [7] $-$
. .
, $p$ Laplace , $\ell’=x\partial_{x}^{2}+x\partial_{X}$ . $M’:=D/D\cdot\{p^{;}\}$
free resolution ,
$0arrow D^{\cdot}(x\partial_{xarrow}^{2}+x\partial_{x})Darrow Marrow 0$ .
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, $\mathrm{O}arrow Marrow \mathrm{O}$ ,
$.(x\partial_{x}^{2}+x\partial_{x})$
$0arrow D$ $arrow$ $Darrow 0$
q.i.s. ( $(\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{e}\mathrm{l}/\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e})$ ).
Weight $(-1,1)$ b- , $s(s-1)$ ( , $b$
). b- 1. , truncated
complex cohomology .
$.(x\partial_{x}^{2}+x\partial_{x})$
$0arrow F_{0}/(F_{-1}+xD)\cap F_{0}$ $arrow$ $F_{1}/(F_{-1}+xD)\cap F_{1}arrow 0$
, $F_{k}$ $(-1,1)$-weight $k$ $D$ . $F_{0}\backslash F_{-1}$ , $x^{k}\partial_{x}^{k}$ ,
$k=0,1,$ $\ldots$ - , $F_{1}\backslash F_{-1}$ , $x^{k}\partial_{x}^{k+1},$ $x^{k}\partial_{x}^{k},$ $k=0,1,$ $\ldots$ .
. , $F_{0}/(F_{-1}+xD)$ $F_{0}$ , 1 1 ,
$F_{1}/(F_{-1}+xD)\cap F_{1}$ , 1, 2 .
, , .
$.(x\partial_{x}^{2}+x\partial_{x})$
, 1 $p’\in F_{1}+xD$ , $F_{0}/(F_{-1}+xD)\cap F_{0}$ $arrow$ $.F_{1}/(F_{-1}+xD)\cap F_{1}$
kernel , 1 . , 1









( , M2) ).
3
, $(a, b, b’, C)=(2, -3, -2,5)$ , Appell $F_{1}$
. $a,$ $b,$ $b’,$ $C$ , Appell $F_{1}$
$I$ , $F_{1}(a, b, b’, C)$ $D/I$ . $D$
$F_{1}(2, -3, -2,5)$ (complex) q.i.s. .




Dual $\mathrm{D}(F_{1}(2, -3, -2,5))$ $Q_{1}$ adjoint $\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}$ , $F_{1}(-1,4,2, -3)$
.
$M=F_{1}(2, -3, -2,5)$ . $\mathrm{D}(M)$ Fourier , q.i.s.
$(-w, w)$-adapted weight $(u, v)=(-w, w),$ $w=(1,2)$ ,
$0arrow D^{2}arrow D^{3}arrow D^{1}arrow 0$
(“adapted” , [7] ). $(-w, w)$ b- $(s+5)(s+$
$2)(s-5)$ , truncated complex ,







$\dim \mathrm{E}_{\mathrm{X}\mathrm{t}_{D}^{0}}.(-M, \mathrm{C}[x])=\mathrm{H}\mathrm{o}\mathrm{m}_{D(}M,$ $\mathrm{C}[x])=1$ , 1
.
[1] Bj\"ork, J. (1979): Rings of Differential Operators. North-Holland, Amsterdam.
[2] Cattani, E., Dickenstein, A., Sturmfels, B. (1999): Rational Hypergeometric Func-
tions. math$.\mathrm{A}\mathrm{G}/9911030$ at http: $//\mathrm{x}\mathrm{x}\mathrm{x}$ .lanl.gov
[3] Grayson, D., Stillman, M. (1999): Macaulay 2: a computer algebra system for alge-
braic geometry, Version 0.8.52, http: $//\mathrm{w}\mathrm{w}\mathrm{w}.$ math. uiuc. $\mathrm{e}\mathrm{d}\mathrm{u}/\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{a}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{y}2$
[4] Kashiwara, M. (1976): $B$-functions and holonomic systems. Inventiones mathemati-
cae 38, 33-53.
104
[5] Kashiwara, M. (1978): On the holonomic systems of linear partial defferential equa-
tions II. Inventiones mathematicae 49, 121-135.
[6] Oaku, T. (1997): Algorithms for $b$-functions, restrictions, and algebraic local coho-
mology groups of $D$-modules. Advances in Applied Mathematics, 19, 61-105.
[7] Oaku, T., Takayama, N. (1998): Algorithms for $D$-modules –Restrictions, ten-
sor product, localization and algebraic local cohomology groups. math. $\mathrm{A}\mathrm{G}/9805006$ , to
appear in Journal of Pure and Applied Algebra.
[8] Oaku, T., Takayama, N. and Tsai, T., Polynomial and Rational Solutions of Holo-
nomic Systems, preprint, 1999.
[9] Oaku, T., Takayama, N., Walther, U. (1999): A localization algorithm for D-modules.
to appear in Journal of Symbolic Computations.
[10] Saito, M., Sturmfels, B. and Takayama, N., Gr\"obner Deformations of Hypergeomet-
ric Differential Equations. Springer, 1999.
[11] Tsai, H. (1999): Weyl closure, torsion, and local cohomology of $D$-modules, preprint.
[12] Tsai, H., Walther, U. (1999): Computing homomorphisms between holonomic D-
modules, in preparation.
[13] Walther, U. (1999): Algorithmic computation of local cohomology modules and
the local cohomological diension of algebraic varieties, Journal
$.\mathrm{o}\mathrm{f}!.$. Pure and Applied
Algebra.
[14] Walther, U. (1999): Algorithmic computation of deRham cohomology of comple-
ments of complex affine varieties, to appear in Journal of Symbolic Computation.
[15] Walther, U. (1999): The cup product structure for complements of complex affine
varieties, preprint.
105
